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MP1 = FC31 − F1,sortie(1− x1)− P1 3"4
d
dt
MPP2 = P2 + x1F1,sortie − F2,sortiex2 3?4
d
dt
MP2 = FC32 + (1− x1)F1,sortie − F2,sortie(1− x2)− P2 3K4
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dt
(MP1hP (T1) + MPP1hPP (T1)) = FC31hP (Te)
− F1,sortie(1− x1)hP (T1)
− F1,sortiex1hPP (T1) + J1 − Q˙1.
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dt
(MP1hP (T1) + MPP1hPP (T1)) = hP (T1)
d
dt
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(FC31 − P1 − (1− x1)F1,sortie)hP (T1) + (P1 − x1F1,sortie)hPP (T1)
= FC31hP (Te)− F1,sortie(1− x1)hP (T1)− F1,sortiex1hPP (T1)
+ J1 − Q˙1.
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P1(hPP (T1)− hP (T1)) = FC31(hP (Te)− hP (T1)) + J1 − Q˙1.
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MC2 + hC4(T )
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MC4 + hC6(T )
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+ J − FH2O CpH20 ∆T
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−P∆H =(FC2 CpC2 + FC4 CpC4 + FC6 CpC6)(Te − T )
+ J − FH2O CpH20 ∆T
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∀g ∈ G,∀i ∈ {1, ..., p} wi(ϕg(x)) = ∂ϕg
∂x
(x) · wi(x).
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x −→ λx.
Z	 0  	 0 Y   		  7
ρg : Y −→ Y
y −→ λy.
    +#     	 / /	 	)	 	 	
 /	  &  	+	 &	  / X × Y . 	 
		 /)	 7
xo = λxˆ, xˆ ∈ X
yo = λyˆ, y ∈ Y
) (xo, yo) ∈ X ×Y  +	 	   	   (  	
. 	  		  λ = x
o
xˆi
  i 	  	 {1, · · · , n} :	 	5	

















    = 	#    '	 	 	 () 	)	  





, ∀i ∈ {1, · · · , n}.
'	 (	  /() 7










   7
˙ˆx = Axˆ + K(y − yˆ)
yˆ = Cxˆ
)K = (kij) ∈ Rn×Rp 	   &	 
 (A,C)  ()( 3 	   
	&  D	4  	   K  	 0 (	 	 () 	)&	
 	   	  /	&  &  	+	 	  
) /  /	 ()  	  	 		
 6  - F' 9
 6     # GD   .     (  	
+	 	    / /	 	)	 . 	 	&	 	
 		 /() 	)	  	 /)	 ) 	  	 K@ 
/	    ) G	)	 . 		     	
&  	+	 		  	 	 O    
		 	 BC  BC 		  #    	 1	 BC
  )	  		 7
#	" $ B- F' 9 # #   #C
-




2 !    X (   $ 
 f #  X   G     *
$  )+ [v, f ] = 0

 
 ! # v  !
(

 	   		 	 	 
	   
 6   - F' 9 # # 	#    	 
   	 	  F	 	  () 	)	
 	 	 # () 	    	  9
		    	 	 	  0 	 / :	 		 
		  & 	  	  /()    

















'	 	 /	  &  	+	 G  / X × X P  8	 /
(x, xˆ) 7
w˜ : G× (X × X ) −→ X × X
(g, x, xˆ) −→ (w(g, x), w(g, xˆ))
P w &	 /	 		 0 /	  G  X  . &	 	8	
#  /	  G  X × X 	   + 7





P v  	 &	 	8	  /	  G  X 
.  /	)	  /() / 	 7   &	 	8	
V  /	  G  X ×X     ) F 8		 /()  )8
[V, F ] = 0
1)	    .




























































'	 	   [V, F1] = 0 7     	     	 	
3	)	  f  /	  G  X 4 	   #    3x  xˆ 	




















 	 0  	 )	 7 3	 		  		  	  8
		  /() 	)	4
 * B- 9 # # 	#C
  
   
 &
  !
 G  X × X    

 
 ! # v  &
  G  X  
 





3 Lvh(x)     )  h 
 v  







	  &  	+	 &	    	 / 
	 	 ()  	  		( /  /	 	
	  	       	  	  /()
'	   		 	      	+	   
  	  
 	   		 	 	 
	   
 	(	       (   8	  		
 ( 9 	 	  		   () 	)	 
  /	 	)	  /	   		 )   
 (  	
. 	   	)&	  	 ( ) 7   () 	
)	 	 	  	)&	 		       
	 )	 	 	 )	  (	 	 )  	)&	 &(  	
&	  		 M	 	 ( # 	  	)&	 /	 () 	
)	   + / 8	 	 		     D	& / 0  




   
 
   


.  	 	    + /(5 /	 (	 BC
%#
. ()    			 	  &	   	
		    & 	   		   3)  #
B: C4   	%   	   5	 	 % 	
3) B8: : 7C4 1	   	 		 	 #  S[
3 	 /)	 50 +     	   K4 
 		 /()   	    			 7 
 .&	&	 	 	    	 . 	 /:.&	&
	 	 F 		 7  #	 	 		   # /	 	( 
  		 	 /  	8&	  	  S[ 
	 	    &	 /	)	  50  		    	%
 3+ & B65C4   /(	  	% 		   
	 	 		 3+ & B5C4 ./() 	 	  
   	  	 0 )  	)	 2  	 /
B5C 	  /    -				  /  	8&	
   3	 & )	 )	 ( )    
B5: 66C4 8	  /	& 	 1 )# 	 	    	%
  	 /	 50   & -				  	 
)#   	%( B: 8C  	8	  5 B8: 7: C  	%
 B: C   (	   		 B5: : : C
. )   	)&	   (  # 	  7
 	 #  		  	
W   		 	  ) )	     )	
  	  /()   	  0 /	  E( 	
    ( 	 		
W 	   		 B: C  	  (	  	 /
     	 #		 	 /     
-				 8	 	  /  	8&	  #		 	
 &	  /()    	  0    
<
B6: 6C
8	 /# / 	 		 	 	      
  	     0   & 3/ 0   /	&
	    + #4
1	 	   	8&	 :	 3  (4 /	  &
/ q¨ = 0 P q 	  		 :		 :	 &	 /	 / ∇q˙ q˙ = 0
P ∇ &	  			 -				 '	    	8&	 q  
'	  0 	 	 	 	 ( qˆ  vˆ   	 q    )
q˙ = v . q¨ = 0     , O  	 /()  .	(&
)	
˙ˆq = vˆ − α(qˆ − q), ˙ˆv = −β(qˆ − q)
) α  β # 		 )    	)&	 #		 1	 
 P ∇q˙ q˙ = 0 	    / qˆ − q  	  / 		 7 
&	 &qˆF  P F (qˆ, q) 	       	 & 	
qˆ  q '	  	 	 0 	 /	 (	 	  ∇q˙ q˙ = 0  9
/() )	
˙ˆq = vˆ − α &qˆF, ∇ ˙ˆqvˆ = −β &qˆF.
,  	)	   0  	&	  		  q  () 
(	 8	  qˆ    q  &qˆF 	 0 / 	&	 0 qˆ 
  ) vˆ  8	  	&   ( t → qˆ(t)  )	 )	 ∇ ˙ˆqvˆ
 &	 (	 8	  	&   ( 		  	/  
	)&	   α  β + ,  (	 		   ( 	&) 	
 	( #		  6 & 3) &   & /	
)   )   ( 	&) B6C4 	   	  	
 	   /	(  /   / #   	
() 	)&	 F        /		 /	
  (
#   	 	 	 	 			 
˙ˆq = vˆ − α &qˆF, ∇ ˙ˆqvˆ = −β &qˆF + R(vˆ, &qˆF )vˆ
P R 	  	  (  -		  R(vˆ, &qˆF )vˆ  	 	
	 	   0 &qˆF     0 vˆ 	 (	 	 	
&&   &	 	 +		   ) 1  &	 	 0  	
  )&	   	  # F  ( 3 &4
'	 ) 0 / /&	  		 B: C    α  β +
	  ()  #			 	)&	 	    5
t → q(t) :	 F  qˆ    q   )	   	 
/() / 7
∇ ˙ˆqξ = ζ − αξ, ∇ ˙ˆqζ = −βξ
P ξ = qˆ − q  	 #	 0  	  / 	  
:	 3q¨ = 04 7
˙˜q = v˜ − αq˜, ˙˜v = −βq˜
) q˜ = qˆ − q  v˜ = vˆ − v . R = 0  )	 )	 ∇ ˙ˆq \	 )
/ 	 d/dt 	  		 :		 ./5 /	 	  
+ # 8	 &	  	  /()   /
 	  3) 3K44
   &	   . 	 !@  ) # 		  
8		 &	 1	  	 !" 	 )	  	  /() 	
	 	   &	  	 	 /	)	  	 #  	
 	 	  + # 1	  	 !? 	 )	  (
#		  3		4    5 3	)&	 4 
	      	  /O    ) 	 
	 	  	  	 !K 1	 /		#  	 #	  
 		
   "	-  !!  '.# $
'	 	 	  	 .&	&	 ) 	 )  	8&	 
		 n 	 /	  -			 3) B5C4 . 		  
q ∈ M 	 	 (qi)i=1...n . .&	&	  		  7




 	 #  		  	
P   8	 ) g(q) = (gij(q))i=1...n,j=1...n 8	   3 /	
4   +		  U(q) /	& 	 . 	 /:.&	& 	











L+ ui(q, t), i = 1, ..., n
P u(q, t) = (ui(q, t))i=1,...,n  	 +		 		  t  q  	 	 &	 0
 	 		 . +	 -			  	 /:.&	& 
∇q˙ q˙ = −&qU(q) + g(q)−1u(q, t) ≡ S(q, t)
P ∇ &q  g(q)−1 	 )	  			  .)) / &
	  0   -			  / 	)       g(q)
  	 q      S(q, t)  	   )  M 
		    		 1	  		   	 /:.&	&
/)	 7
q¨i = −Γijk(q)q˙j q˙k + Si(q, t) 3?L4














) gil  	    g−1  	   	)		  	 7
	 	 	 X 0  + 	 #	  	 	  &	8   	
	  	  9 +
-	  ∇q˙v   ) )	    ) v  	&  q˙ 1	
 		  	 (	
{∇q˙v}i = v˙i + Γijk(q)vj q˙k
P { }i &	8 		 i
   = 	# 	-.#
1	  	 	 8		 	 () 		    .&	
&	 8	 	  	 	   	 /:.&	& 	 	
		    		  3 	 		4 	 )	 	
 	  /() )  (5+  )	    
#   		  	 
) 		  8		   	  /() 	 )8	  	 #
	  (	 		  	 	 			 	 	  	 # 
. 	)&	   ()  	 	  	 !?
    3.#  9	#   '	   /	   	 3
/ 0    qi4   /	 	    ) 3 / 0   q˙i = vi4 	
qˆ  vˆ  	   	 q   ) v : 	 8	   	
)	 			  # /	   		 7
∇ ˙ˆq
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˙ˆq + α &qˆF (qˆ, q)
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= T//q→qˆS(q, t)− β &qˆF (qˆ, q)
+ R
(
( ˙ˆq + α &qˆF (qˆ, q)), &qˆF (qˆ, q)
)
( ˙ˆq + α &qˆF (qˆ, q))
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˙ˆvi = −Γijk(qˆ)vˆj ˙ˆqk +
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+ T//r→rˆ(−r ln r)− β &rˆF (r, rˆ) + R(wˆ, &rˆF (rˆ, r))wˆ. 3K"4
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s + ln r1
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g(γ(s))(γ′(s))2ds = | ln r2 − ln r1|
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(ln r − ln rˆ)2
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&rˆF (r, rˆ) = rˆ
2 (ln rˆ − ln r)
rˆ
= rˆ(ln rˆ − ln r).
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s + ln r
)




u(0) = −r ln r
   	 7
u(s) = −r ln r exp ((ln rˆ − ln r)s) .
 )	 
T//r→rˆ(−r ln r) = u(1) = −rˆ ln r.
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− rˆ ln r − β rˆ(ln rˆ − ln r)
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&qˆF (q, qˆ) = qˆ − q
T//q→qˆS(q, t) = T//q→qˆ(−q) = −q
R(vˆ, &qˆF (qˆ, q))vˆ = 0.
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R(vˆ, &qˆF (qˆ, q))vˆ
}i
= Rijklvˆ
k{&qˆF (qˆ, q)}j vˆl
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2F = gij(q)(qˆ
i − qi)(qˆj − qj) + O(‖qˆ − q‖3) 3K?4
{&qˆF}i = qˆi − qi + O(‖qˆ − q‖2) 3KK4
{T//q→qˆw}i = wi − Γijl(q)wj(qˆl − ql) + O(‖qˆ − q‖2) 3K!4
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˙ˆqi = vˆi − α(qˆi − qi)
˙ˆvi = −Γijk(qˆ)vˆj ˙ˆqk + Si(q, t)− Γijl(q)Sj(q, t)(qˆl − ql)
−β(qˆi − qi) + Rijkl(q)vˆk(qˆj − qj)vˆl.
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[0, T [ t → X(t) = (q(t), q˙(t)) ∈ K
 T ≤ +∞  

  3K4 t → Xˆ(t) = (qˆ(t), vˆ(t))  Xˆ(0) # dG(Xˆ(0), X(0))
≤ ε  # 
 
 t ∈ [0, T [   ∀t ∈ [0, T [
dG(Xˆ(t), X(t)) ≤ dG(Xˆ(0), X(0)) exp(−µt).
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ξi = δqˆi
ζ i = δvˆi + Γijk(qˆ)δqˆ
kvˆj, i = 1, ..., n 3K 4
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  5	  	 γ(0) = qˆ
 γ() = qˆ + δqˆ
W  ζ = T//qˆ+δqˆ→qˆ(vˆ + δvˆ)− vˆ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R(vˆ, &qˆF (qˆ, q))vˆ
)}i
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= ξ˙i + Γijk(qˆ)
˙ˆqkξj








vˆk − α {&qˆF (qˆ, q)}k
)
ξj







+ Γijk(qˆ){&qˆF (qˆ, q)}kξj
)
.
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+ Γijk(qˆ){&qˆF (qˆ, q)}kξj.




= ζ˙ i + Γijk(qˆ)
˙ˆqkζj . 3KL4











































ξcvˆj ˙ˆqk + Γijk(qˆ)δvˆ
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T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
}j
− ξk ˙ˆqcvˆpRikcp(qˆ)
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− β∇ξ&qˆF (qˆ, q) +  ∇  ξ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)















R(vˆ, &qˆF (qˆ, q))vˆ
}j
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{∇ξ&qˆF (qˆ, q)}i − Γijk(qˆ)δqˆk{&qˆF (qˆ, q)}j
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 ∇  ξ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)
= (∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+ R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ.
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∇ ˙ˆqξ = ζ − α∇ξ&qˆF (qˆ, q)
∇ ˙ˆqζ = −R( ˙ˆq, ξ)vˆ +∇ξ
(T//q→qˆS(q, t) )− β∇ξ&qˆF (qˆ, q)
+(∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ
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D2ξ
Dt2
= −R( ˙ˆq, ξ) ˙ˆq
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= S(q, t)i − Γijk(q)(qˆj − qj)S(q, t)k






Γijk(qˆ){T//q→qˆS(q, t)}kξj = Γijk(q)ξjS(q, t)k
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kδql) (δvj + Γjkl(q)v
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= a〈∇ ˙ˆqξ, ξ〉+ c〈∇ ˙ˆqξ, ζ〉+ c〈∇ ˙ˆqζ, ξ〉+ b〈∇ ˙ˆqζ, ζ〉
= − 1
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(〈ξ, ξ〉+ 〈ζ, ζ〉).
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r˙2 + (1 + r2)θ˙2
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U = r sin θ.
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˙ˆr = vˆr − α(rˆ − r)
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− sin θ + rˆ(θˆ − θ)u− r cos θ
1 + r2
)
− β(rˆ − r) +
( −1
1 + rˆ2


















(rˆ − r)u− r cos θ
1 + r2
+ (θˆ − θ)(− sin θ)
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b)   theta






c)   r







d)   theta






e)   d(r)/dt









f)   d(theta)/dt
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˙ˆr = vˆr − α(rˆ − r)
˙ˆ
θ = vˆθ − α(θˆ − θ)
˙ˆvr = rˆvˆ
2




vˆrvˆθ − r cos θ − u
1 + r2
− β(θˆ − θ)
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q˙ = v
∇q˙v = S(q, t)− A(q)q˙.
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˙ˆq = vˆ − α &qˆF (qˆ, q)




−β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
3! 4
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∇ ˙ˆqξ = ζ − α∇ξ&qˆF (qˆ, q)
∇ ˙ˆqζ = −R( ˙ˆq, ξ)vˆ +∇ξ
(T//q→qˆS(q, t) )−∇ξ (T//q→qˆ(A(q)T//qˆ→q ˙ˆq) )
−β∇ξ&qˆF (qˆ, q) + (∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ
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m − qm) ˙ˆqc)





m − qm) ˙ˆqc)).










m − qm) ˙ˆqc − Γijk(q)(qˆj − qj)A(q)kh ˙ˆqh.
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m − qm) ˙ˆqc
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− Γijk(q)ξjA(q)kh ˙ˆqh − Γijk(q)(qˆj − qj)A(q)kh
{∇ ˙ˆqξ}h
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X = X(γ(s), t).
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